Abstract. As Koenig and Zhu showed, quotient of a triangulated category by a maximal 1-orthogonal subcategory becomes an abelian category. In this paper, we generalize this result to a maximal n-orthogonal subcategory for an arbitrary positive integer n.
Introduction
Throughout this paper, we fix a triangulated category C. For any category K, we write abbreviately K ∈ K, to indicate that K is an object of K. For any K, L ∈ K, let K(K, L) denote the set of morphisms from K to L.
A full subcategory L ⊆ K is called replete if it is closed under isomorphisms. In [KZ] , Koenig and Zhu established a general method to construct an abelian category from any cluster tilting subcategory (= maximal 1-orthogonal subcategory) T of C. In fact, they showed that the quotient category C = C/T becomes abelian. Here, for any additive category A and its full additive thick (= closed under taking direct summands) subcategory T , the quotient category of A by T is denoted by A = A/T , and is defined as follows.
(1) Ob(A) = Ob (A) . In this paper, we generalize the above result to obtain several abelian categories from one maximal n-orthogonal subcategory T of C, for any positive integer n. Indeed, as a main theorem (Theorem 3.11), we construct an abelian category
To show this, we use the notion of 'dividing pair', which we defined in [GHC1] . By definition, a dividing pair is a pair (U, V) of full additive subcategories of C, satisfying
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(1) C belongs to U if and only if Ext 1 (C, V) = 0, (2) C belongs to V if and only if Ext 1 (U, C) = 0, (3) there exists a (not necessarily unique) distinguished triangle
with U ∈ U, V ∈ V. In [GHC1] , it was shown that for any dividing pair (U, V), the heart associated to it
becomes an abelian category. (For the definitions of C + and C − , see the comments before Definition 3.7.)
In Theorem 3.5, we associate a dividing pair (T ̟ , T ̟ ) to each integer ̟ ∈ [0, n − 1], and show that its heart is nothing other than H ̟ . Thus Theorem 3.11 follows from Theorem 3.5.
(Co-)filtration
First we recall the definition of a maximal n-orthogonal subcategory.
Definition 2.1. (cf. [BR] ) Let T be a full additive subcategory of C.
(1) T is covariantly finite if there exists a left T -approximation t : C → T (T ∈ T ) for any C ∈ C, namely, a morphism t which induces an epimorphism
for any T † ∈ T . (2) T is contravariantly finite if there exists a right T -approximation t : T → C (T ∈ T ) for any C ∈ C, namely, a morphism t which induces an epimorphism
for any T † ∈ T . (3) T is functorially finite if it is covariantly finite and contravariantly finite. Definition 2.2. Let T be a full replete additive subcategory of C. T is a maximal n-orthogonal subcategory of C if it satisfies the following.
(1) T is functorially finite.
(2) An object C ∈ C belongs to T if and only if Ext
Definition 2.3. (cf. [A] ) Let T ⊆ C be a full replete additive subcategory. Let i, j be any integers satisfying i ≤ j. Let C be any object in C.
A sequence of morphisms in C (2.1)
We abbreviate the above cofiltration (2.1) (together with (2.2)) to (
Claim 2.4. If a full replete additive subcategory T ⊆ C is contravariantly finite, then for any integers i ≤ j, any C ∈ C admits a T -approximating cofiltration within
Proof. We construct
Complete t k into a distinguished triangle to define C k+1 :
we have the following.
(
is exact, and we have
Definition 2.6. Let T be a full replete additive subcategory of C. j] denote the full (replete and additive) subcategory of C consisting of those C admitting a maximal T -approximating cofiltration within [i, j] .
(In particular, the maximality does not depend on the choice of a cofiltration.)
Proof. Since T is maximal n-orthogonal subcategory, C j ∈ T [j] if and only if Ext ℓ (T , C j ) = 0 (1 − j ≤ ∀ ℓ ≤ n − j). Thus Corollary 2.7 immediately follows from Proposition 2.5.
Remark 2.8. Let T be a full replete additive subcategory of C. For any integers
Example 2.9. Let T be a full replete additive full subcategory of C. By definition,
Proposition 2.10. Let T be a maximal n-orthogonal subcategory of C. For any C ∈ C, we have the following.
Proof.
(1) This immediately follows from Claim 2.4 and Corollary 2.7.
(2) By Remark 2.8,
Since there is a distinguished triangle
, it can be easily shown that
Corollary 2.11. Let T be a maximal n-orthogonal subcategory of C. If integers i and j satisfies j − i ≥ n, then we have
Proof. This immediately follows from Proposition 2.10 (1).
Dually, we have the notion of a filtration.
Definition 2.12. (cf. [A] ) Let T ⊆ C and i ≤ j be as in Definition 2.3. For any
is a sequence of morphisms
−→ C j = C satisfying the following for each i + 1 ≤ k ≤ j.
(1) There exists T k ∈ T [k] such that
. T [i,j] denotes the full subcategory of those C admitting a maximal T -approximating filtration within [i, j] .
Filtrations satisfy the dual properties of cofiltrations, which can be shown dually.
Proposition 2.13. Let T be a full replete additive full subcategory of C.
(1) For any integers i ≤ ℓ ≤ j, we have
(2) For any integer k, we have
Proposition 2.14. Let T be a maximal n-orthogonal subcategory of C. For any C ∈ C, we have the following.
(1) C ∈ T [i,j] if and only if Ext
Dividing by a maximal n-orthogonal subcategory
In the rest, we assume T is a maximal n-orthogonal subcategory of C.
Lemma 3.1. Let i, j be integers satisfying i ≤ j. For any C ∈ C, we have the following.
(1) C belongs to T [i,j] Proof. This immediately follows from Proposition 2.10.
Remark 3.2. By Corollary 2.11, we have
for any integers i ≤ j.
So we consider 'normalized' ones as follows.
Definition 3.3. For any integer ̟ ∈ [0, n − 1], put
Lemma 3.4. Let i ≤ j be integers, and let (C k ) k∈[i,j] be a T -approximating filtration of an object C ∈ C within [i, j].
Then we have the following.
(1) C i belongs to
The dual of this lemma also holds for cofiltrations.
(1) By the dual of Proposition 2.5 (3), we have Ext
(2) For any integer k ∈ [i + 1, j], put
and let
be a distinguished triangle. Inductively we show
This is trivially satisfied for k = i + 1. Assume (3.1) holds for k. By the octahedron axiom, there is a distinguished triangle
and (3.1) also holds for k + 1. Thus, (3.1) holds for any k ∈ [i + 1, j]. In particular, we have
By Proposition 2.10, this means S ∈ T [i+1,j] .
is a dividing pair.
Proof. By Lemma 3.1, for any C ∈ C we have (1) C ∈ T ̟ if and only if Ext 1 (C, T ̟ ) = 0, (2) C ∈ T ̟ if and only if Ext 1 (T ̟ , C) = 0.
Thus it suffices to show the following.
Claim 3.6. For any C ∈ C, there exists a distinguished triangle
where
be a distinguished triangle. By Lemma 3.4, we have U ∈ T [0,̟] and
As shown in [GHC1] , for any dividing pair (U, V), we can associate an abelian category H = (C + ∩ C − )/(U ∩ V), which we call the heart of (U, V). Here, C + and C − of (U, V) are defined as follows.
(1) C ∈ C + if and only if any distinguished triangle
satisfies U ∈ U ∩ V. (2) C ∈ C − if and only if any distinguished triangle
Definition 3.7. Let ̟ ∈ [0, n − 1] be any integer. We write C + ̟ , C − ̟ and H ̟ correspondingly for the C + , C − and H of (T ̟ , T ̟ ).
Remark 3.8. For any C ∈ T ̟ , we have
Proof. Left to the reader.
Proposition 3.9. For any ̟ ∈ [0, n − 1], we have
Proof. By Remark 2.8 and Proposition 2.13, we have
Conversely, let C be any object in T ̟ ∩ T ̟ . By Proposition 2.10,
Proposition 3.10.
(1) Let C be any object in C, and let (C k ) k∈[̟,n] be a T -approximating filtration of C within [̟, n] . Since the distinguished triangle (3.2) is an abelian category.
Proof. By the result of [GHC1] , the heart H ̟ = (C It can be easily shown that T [−1,0] is the full subcategory of those C written as an extension of some objects in T and T [−1]. Namely, C ∈ T [−1,0] if and only if C can be fit into a distinguished triangle
where T, T ′ ∈ T .
